Abstract. New interactions between real algebraic geometry, convex optimization and free non-commutative geometry have recently emerged, and have been the subject of numerous international meetings. The aim of the workshop was to bring together experts, as well as young researchers, to investigate current key questions at the interface of these fields, and to explore emerging interdisciplinary applications.
Introduction by the Organisers
Hilbert, in the 1880s and 1890s, was the first to study the connection between positive polynomials and sums of squares. He considered this topic so important that he included a central open question in his list of mathematical problems. Artin-Schreier's solution of Hilbert's 17th problem in the 1920s marked the beginning of real algebra. The subject continued to develop, with the fundamental Positivstellensatz (a description of positive polynomials on a basic closed semialgebraic set) discovered by Krivine and Stengle in the 1960s and the 1970s, and it was reinvigorated in the 1990s through new connections with functional analysis and moment problems, resulting in new denominator free Positivstellensätze of Schmüdgen, Putinar and Jacobi-Prestel.
The discovery of efficient algorithms, combined with the growing power of electronic computation in general, gave results on positive polynomials, sums of squares, and moment problems a central role in polynomial optimization. Conversely, problems in optimization have been shaping very recent research directions in real algebra. The implementation of semidefinite programming has generated difficult questions in convex real algebraic geometry. Relations to control theory and engineering initiated questions on positivity in a non-commutative setting. Analogues from the traditional commutative theory served successfully as excellent guiding principles in the non-commutative case, leading to startling recent results.
The aim of the workshop was to bring together researchers working in (A) real algebraic geometry (positive polynomials, sums of squares, and moment problems), (B) linear matrix inequalities (LMIs), systems and control, optimization, and (C) non-commutative and free positivity.
While some of the participants were well aware of the connections between the different areas, others were more or less of newcomers to the interdisciplinary scene. There was also a large number of young researchers, both graduate students and juniour faculty members.
To create a synergy between these different groups the organizers have asked 11 participants to give talks of 50 minutes that would present a topic to a mixed audience of non-specialists and specialists. These survey-expository talks were scheduled during the morning sessions, with regular research talks of 40 minutes scheduled in the afternoons (except for Friday, when there were no surveyexpository talks). The survey-expository talks were roughly divided according to the three main areas mentioned above, Here is a summary of some of the main topics discussed at the workshop.
Positive polynomials and sums of squares M. Schweighofer described representations of positive and strictly positive polynomials as weighted sums of squares, including the matrix valued case and with an emphasis on degree bounds (both of which are of particular importance for applications). A variety of far reaching new results on degree bounds were the main topic of the talk of G. Blekherman. B. Reznick discussed explicit constructions of positive polynomials that are not sums of squares, from Hilbert's original papers through the first explicit examples of Motzkin and Robinson till the most recent results. T. Netzer showed an interesting new application of real algebra techniques to a class of graph-theoretic problems. F. Vallentin presented some very explicit results on invariant sums of squares. The talk of J. Ball was primarily devoted to the free non-commutative setting, but he discussed the commutative case as a motivation, with certain weighted hermitian sums of squares decompositions that originated with the work of J. Agler in the early 1990s and played since a central role in operator theory and function theory on the unit polydisc in C d . These "Agler decompositions" were a central theme in the talks of H. Woerdeman (were they were related to both the author's earlier work on the trigonometric moment problem and to determinantal representations of polynomials), and of M. Dritschel.
Moment problems
M. Marshall gave a state-of-the-art survey, including a new approach based on localization, for the (full) moment problem on a basic closed semialgebraic set; he discussed both the existence and the uniqueness of the representing measure. M. Infusino described the moment problem in an infinite dimensional setting; the results were hitherto unknown to most participants, and led to a lively discussion. Y. Yomdin presented a broad subject of moment vanishing problems and related topics that were virtually unknown in the real algebra community. H. Woerdeman described his work on the truncated two-dimensional trigonometric moment problem for a class of absolutely continuous measures.
LMIs and hyperbolic polynomials
LMI is the name traditionally used in systems control to refer to spectrahedra which are feasibility sets of semidefinite programming problems. Spectrahedral cones are always hyperbolic cones associated to some hyperbolic polynomial, and one of the main conjectures in the area (the generalized Lax conjecture) is that these two classes of cones actually coincide; this is equivalent to the existence of certain determinantal representation for hyperbolic polynomials. P. Brändén gave a survey of hyperbolic polynomials and spectrahedral cones, icluding the recent application to the proof of the Kadisonn-Singer conjecture in operator algebras (by Marcus, Spielman, and Srivastava). C. Hanselka presented a new proof (using quadratic forms rather than algebraic geometry) of the fact that any homogeneous hyperbolic polynomial in three variables admits a determinantal representation. E. Shamovich introduced a natural generalization of the notion of hyperbolicity for higher codimensional subvariaties of the projective space. M. Kummer gave a startling new result on determinantal representations, obtained using real algebra and the full power of the Positivstellensatz, that goes some of the way towards establishing the generalized Lax conjecture.
Systems control and optimization
In his talk, J.-B. Lasserre surveyed the use of algebraic certificates of positivity and the resulting hierarchies of semidefinite programming problems in non-convex optimization. A. A. Ahmadi described the use of linear matrix inequalities (LMI) to approximate the joint spectral radius, a quantity ruling the decay or growth rate of the norm of the product of given matrices. J. W. Helton argued that the structure of dimension-free LMI problems, ubiquitous in linear robust control problems, can be inferred from properties of non-commutative polynomials. J. Ball complemented this point of view, and he explained how results from non-commutative algebra and operator theory can be exploited in linear robust control. LMI problems coming from sum-of-squares decomposition of multivariate polynomials are now common in systems theory, especially in signal processing, and H. Woerdermann explored such connections in the bivariate trigonometric case for filtering problems.
Non-commutative and free positivity K. Schmüdgen gave a general overview of the setting, methods, and results of non-commutative real algebraic geometry. J. Cimpric presented new noncommutative Postivsellensätze for matrix polynomials. The talk of A. Thom discussed the case of group rings with applications and relations to a variety of problems in group theory and operator algebras. J. W. Helton gave an overview of the free real algebraic geometry, with a special emphasis on the motivation coming from LMIs appearing in systems control. Free polynomial optimization was discussed by S. Burgdorf. The talk of J. Ball described function theory, operator theory, and system theory, related to the free non-commutative versions of such classical domains as the unit polydisc or the unit ball in C d , with a central role being played by certain non-commutative weighted hermitian sums of squares decompositions.
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